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A method is presented for burnout-to-apogee munitions guidance that compensates for launch offsets from a
nominal, ground-to-ground trajectory. The munition is assumed to be configured for low-cost, externally received
navigation updates that are only available up to the time of apogee. Using a novel technique, a guidance problem
with an unspecified final time is transformed to a form solvable by the method of dynamic programming. A set of
feedback gains is generated for times between motor burnout and apogee to compensate for launch-induced offsets.
Corrected ballistic trajectories from apogee are obtained by including a quadratic term of target miss distance in
the problem formulation. A single set of gains is shown to be robust for a range of launch offsets.

Nomenclature K = feedback gain matrix at the kth time step

Ay, By = state transition matrices at the kth time step m = mass of munition after motor burnout
C,d,E F = sensitivity matrices r = radius of Earth 3
Ch, = drag coefficient used to simulate modeling S = reference area of munition

errors T,tf = times of impact for nominal and controlled
C.,Cs,Cp = lift, side-force, and drag coefficients tfajectorles _ .
Cr..Cpy. kp = Mach number dependent coefficients used in ty = tme at apogee for nom1nal trajectory

aerodynamic model u(t), x(t) = input and state for guidance problem
c = speed of sound Vv = magnitude of velocity vector
ep = constant error term in drag coefficient Wi, Hy, Hy = matrices used in dynamic programming
g = acceleration of gravity algorithm at the kth time step ) 4
h = time step for discretization of input Xes Yes Ze = downrange, crossrange, and altitude coordinates
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Xets Vet Zet = coordinates of target

x(2) = ballistic trajectory from ¢y to ¢

x(t) = nominal trajectory

a, B = angles of attack and sideslip

v, ¥ = vertical and horizontal heading angles

A = parameter used in definition of guidance
problem

P = density of atmosphere

1. Introduction

HE use of aided navigation via satellite updates promises un-
paralleled, cost-effective, and accurate systems for both civil-
ian and defense purposes. Contemporary defense systems routinely
integrate conventional inertial measurement unit (IMU) technology
with global positioning system (GPS) updating to produce impres-
sive targeting results. This has been most notable for standoff muni-
tions, such as cruise missiles and guided bombs.'~* A recent study
by Singh et al.* was directed at fabricating the IMU/GPS combina-
tion in solid-state form able to withstand artillery gun setback loads.
The present study seeks to capitalize on the cost-effectiveness issue
by formulating a guidance algorithm for a field munition solely re-
liant on offboard navigation aids. A major drawback of using only
offboard sources, which this work addresses, is that the update sig-
nals can be obscured by electronic jamming. Given that this issue
is addressed here, it is further assumed that retrofits of existing,
extensively used, ballistic munitions with low-cost navigation and
actuation hardware add ons would be justified by significantly low-
ering the cost of destroying defended targets via increased accuracy.
Precision and accuracy are the two major issues in munitions tar-
geting. Important factors to both are the effects of launch offsets and
winds. Although this study is concerned primarily with the former,
winds are included in one of the aerodynamic models and their ef-
fects summarized. The method presented herein remains essentially
the same regardless of the aerodynamic model used.

As already stated, jamming of aided navigation signals by the
adversary must be taken into account for viability of the proposed
scheme. If not, the current IMU/GPS style integration must be re-
lied on, which entails a significant cost penalty. The approach taken
here is to apply guidance during the initial phase of flight where
jamming effects are minimal and to complete all guidance updates
and reestablish nominal ballistic accuracy before descent to the tar-
get (Fig. 1). To date, previous work for burnout-to-apogee guidance
appears nonexistent.

The flight regime for this munition is below 50,000 ft and super-
sonic. In this regime aerodynamic and gravity forces are of com-
parable magnitudes, and both are changing significantly along the
flight path. As such, none of the usual simplifying approximations to
the equations of motion for atmospheric flight can be made, and an
analytic solution can not be found. Nonlinear programming (NP) so-
lutions are certainly viable alternatives to generate control histories
for a problem involving both boundary conditions and interior con-
straints. However, these solutions would be of an open-loop, rather
than a feedback, form. NP solutions would need to be computed
for a large number of different trajectories, with highly involved

off-board navigation
updates
guidance completed
at apogee

corrected ballistic
fall to target

jamming (_\l
at target

nominal ballistic trajectory //
to defended target 7

launch induced /
offset

crossrange, y,

Fig. 1 Proposed guided munition scenario.

interpolations required to keep this number manageable and to span
a useful guidance space.

As an alternative, a feedback control scheme based on the method
of dynamic programming is presented in this study. Dynamic pro-
gramming offers the benefits of 1) retaining all relevant physics of
the problem in computing guidance commands, 2) accommodat-
ing a variety of different launch offsets, and 3) providing a set of
feedback gains for optimal return from any point in the guided por-
tion of the trajectory. The price for this capability is the necessity
of computing and storing a matrix of feedback gains at as many
update points as are necessary to provide acceptable performance.
Given that contemaporary field munition operations require online
targeting computations to account for such variables as weather con-
ditions, it is felt that the proposed computational requirements would
be compatible with such exercises. This observation is supported by
experience with calculating feedback gains on a workstation and is a
result of the computational efficiency of the dynamic programming
algorithm. In addition, to minimize the attendant actuation hardware
costs, the guidance scheme would ideally generate control efforts of
minimal magnitude. This would allow considerable latitude in the
use of internal® vs external methods for attitude control.

In the interest of simplicity and to highlight the salient features
of the proposed algorithm, a retrofitted munition capable of inde-
pendent lift and side-force generation is assumed. (This method
can be generalized to an oriented lift-plane control system as well.)
Representative aecrodynamics for a multiple launch rocket system
(MLRS)’ are used. The physical model is developed initially, fol-
lowed by the guidance control problem formulation and dynamic
programming solution. Finally, simulation results are shown for a
single set of feedback gains applied to two sets of launch errors. The
effects of modeling errors and unaccounted winds are also presented.

II. Physical Model

In this study an artillery rocket is assumed to have launch and
propulsive phases that are unguided. Guidance commences after
motor burnout. The physical model for the guided portion of the
rocket flight is that of an unpowered, point mass flying over a spher-
ical, nonspinning Earth at an altitude that is small with respect to
the radius of the Earth. The equations of motion are

. ViCpS
X. = Vcosycosy V:—B—D—~—gsiny
2m
. = V co in =— —|—=— —|cos 1
¥ sy siny 14 v v y (D
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L.:V n = —

¢ sy v 2mV cosy

where the overdot in terms in Eq. (1) denotes the time derivative.
The lift and side-force coefficients C; and Cy are assumed linear
over a small aerodynamic angle range and related to angles of at-
tack « and sideslip g via C, = Cp & and Cs = Cp, B, assuming
an aerodynamically symmetric vehicle. Drag variation with lift and
side force are fitted as a quadratic function according to Cp =
Cp, + k,)[Cz + C§], where Cp, and kp are Mach number depen-
dent and plotted with C;,, in Fig. 2. Density and speed of sound are
tabulated for a standard atmosphere and shown in Fig. 3. This model
complexity was felt necessary because the munition will be flying
in the transonic to moderate-supersonic regime where aerodynamic
changes are significant. More complex aerodynamic models that ac-
count for current weather conditions could also be accommodated.

III. Guidance Problem
The input u for the guidance problem is chosen as
u = [C L C S]T (2)

where the superscript T denotes the matrix transpose. The physical
model given by Eq. (1) along with Eq. (2) can be expressed together
in the standard form

x(@) = flx(@), u), 11 x(t)=x 3
where ¢#; is the time at motor burnout and x is the state defined as

x=[x y z. V v ¥ C G )
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The nominal trajectory X(r) corresponds to the input u(t) = 0 and
the initial conditions

) =) F0) Z(t) Bn) pw) @) 0 0"
&)

It is assumed that the nominal trajectory hits the target at the final
time 7. That is,

£(T) = xq Je(T)=ya  2(T) = z4 (6)
where (X, Yo, Zr) are the coordinates of the target.

In practice, it is unlikely that the nominal trajectory will hit the
target because the correct initial conditions cannot be enforced ex-
actly and because of limitations in the accuracy of the aerodynamic
model. The approach taken herein is to control the portion of the
flight between the times ¢, and ty(ty < T) in such a manner that
the corrected ballistic trajectory of the munition is directed toward
the target. In the present study, ¢y is set equal to the time at apogee.
It is assumed for ¢ > ¢y that navigation signals are jammed and the
lift and side-force coefficients are set to zero.

The guidance problem is stated as follows. Find the input u(f)
that minimizes the functional

L) = MGxe(tr) = %) (yelty) — yc,)][x"(" - x}

yc(tf) = Yer

f
+ f [ [u@)) dr ©)

subject to Eq. (3) and the constraints
000 00 O0T1TO ; 0
0000000 1,0

for t=1 and In=St=ty (8)

where ¢ denotes the time of impact. The term premultiplied by the
scalar A > 0in Eq. (7) is equal to the square of the distance between
the point of impact and the target. Thus, A directly affects the trade-
off between accuracy and control effort as measured by the integral
term in Eq. (7). For A = 0, the input is zero for all times resulting in
a ballistic trajectory. In the limit as A — 00, the resulting trajectory
hits the target. The preceding statement implicitly assumes that the
physical model and measurements of the initial conditions are ex-
act. This assumption clearly is not valid in practice; therefore, care
must be taken in choosing an appropriate value for A. The topic of
choosing A is discussed further in Sec. VI. Equation (8) states that
the lift and side-force coefficients are zero initially and zero during
the portion of the trajectory between times ty and .

Notice that the time at impact 4 (final time) in Eq. (7) is un-
specified and need not equal the time at impact 7 for the nominal
trajectory. In the next section, the guidance problem is transformed
to a standard form in which the final time is specified and the con-
straints given by Eq. (8) are satisfied automatically.

IV. Transformation of Guidance Problem

It proves useful to introduce the ballistic trajectory x (r) from zy
to t; corresponding to the input u(t) = 0 and initial conditions at
t =tyof

x(ty) =

[Fe(tw) Feltw) Zeow) Vw) 7w) $y) 0 017 (9)
Defining ¢/ as the time at impact for ¥ () and

Aty=1t; =T (10)
Ax(ty) = X(ty) — X(tw) an

the following linear approximationsin At and Ax (ty) are obtained:

Zo(ty) = 2 + CAx(ty) + d Al (12)
|:)z£(tf) :| [xc'/ :|
_ = + EAx(ty) + FAty (13)
ye(ts) Yer :

The last two columns of the sensitivity matrices C and E in Egs.
(12) and (13) can be set equal to zero since the last two elements of
Ax(ty) are zero. All of the sensitivity matrices in Egs. (12) and (13)
can be determined from numerical integration of the aerodynamic
model along with finite difference calculations. Another option is
to use an automatic differentiation program to obtain these terms.
In this study, finite difference calculations were used.
Setting z.(t5) equal to z,, in Eq. (12) leads to

A
Aty = —CAZW) (14)
d
Combining Egs. (13) and (14), one obtains
—L‘ Iy) — X,
el =X | () (15)
yc(tf) — Yer
where
G=E—(/d)FC (16)

Equation (15) is a key relation that is used shortly to transform the
guidance problem to an equivalent standard form.

Returning for a moment to the controlled portion of the trajectory,
the input is assumed to be discretized for any time £, <t < ty as

u(t) = uy

for e St <ty and k=1,....,N—1 (17
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where
k=t +htk—1) (18)
and
In— 4
h= 1
N1 (19)

The input is set equal to zero for t > ty.

Fromits definition [see Eq. (9)], itis clear that X (¢) satisfies Eq. (8)
for ty <t < ty. Thus, without loss of generality, one can consider
x(t) = x(t) forty <t < t,. Consequently, substitution of Egs. (15)
and (17) into Eq. (7) yields

N-1
Tw) = AiLGTGiy + h Z ul (20)
k=1

where
Xo=x(t) — 1) k=1,...,N @2n

To satisfy Eq. (8) at ¢ = ¢y, the seventh and eighth elements of xy
must equal zero. Thus, for an input of the form given by Eq. (17),
integration of Eq. (2) between the limits of 1y _ | and ¢y implies that

Uy_1 = ——'D).C'N_l (22)

where
b 10 0 000 01 0 -
“hi0o 0 0 0 0 0 01 @3)

Linearizing the dynamics about the nominal trajectory, one obtains

ik+]=Akik+Bkuk k’——l,...,N—l (24)
where the state transition matrices A, and B, can be determined
with recourse to a numerical integration scheme (see Appendix).
Substituting Eqgs. (22) and (24) with k = N — 1 into Eq. (20) yields

N-2
Plu) =5y Wy oafw-i+h ) ufu (25)

k=1

where

Wy_1=A(Ay_1~ By_1D)'G"G(Ay_\ — By_ D) +hD" D
(26)
In summary, the original guidance problem has been transformed
from minimization of a functional with an unspecified final time to
minimization of the function given by Eq. (25) with a specified final
time £y.

V. Dynamic Programming Solution

Minimization of Eq. (25) subject to Eq. (24) can be accomplished
in a straightforward manner using the method of dynamic program-
ming. Detailed explanations of the theory and applications of dy-
namic programming are available in several texts.®? The algorithm
for the guidance problem of interest is summarized in the following
two-step procedure.

1) Starting with Wy _ | given by Eq. (26), calculate W, recursively

fork =N —2,...,1 from the equation
Wi = A] Wiy (Ay — Hy Hy ' HL @27
where
Hy = AL Wiy 1By (28)
H3k=h|:(1) (1)]+B[Wk+13k 29)

In the process, store the feedback gain matrices

K¢ = H,'Hj, (30)

All of these calculations are performed prior to launch of the
munition.

2) Calculate the inputs u,, ..., uy _, online during ascent from
the equation

Ry = —Kkik (31)

and uy_; from Eq. (22). Equations (27-31) are equivalent to
Egs. (3.7-60) and (3.7-63) of Ref. 9. The X, terms in Egs. (22)
and (31) are calculated by substituting the measured and nominal
trajectories into Eq. (21). The constraint of zero lift and side-force
coefficients at the beginning of the trajectory, time #,, is satisfied by
setting the elements in rows 7 and 8 of x; equal to zero. As the inputs
are calculated, C;, and C; are determined by integrating Eq. (2). The
result is

[cmtm)]:[cmtk)}huk P

Cs(te+1) Cs(t)

Between the times #, and #, , |, coefficients C;, and Cy vary linearly.
An attractive feature of the control law given by Eq. (31) is that

it provides the optimal return from any point in the guided portion

of the trajectory (see p. 281 of Ref. 9). That is, the control law is
optimal in the sense that it minimizes the function

N—-1 (32

N-2
T w) =%y Wy v +h Y ulw;,  (33)
i=k

subject to Eq. (24) for all values of x,, not just the one that is on the
optimal trajectory for the original launch offset x,. Thus, if at times
intermediate to #; and ty, the trajectory is bumped away from the
optimal owing to modeling, measurement, or actuation errors, the
control law is still optimal in the sense stated earlier. Although this
feature of the control law is attractive, success of the algorithm ulti-
mately rests in having adequate physical models and measurement
systems. As a final note, the control law presented is equivalent to
what one would obtain using discrete linear-quadratic guidance® ow-
ing to the use of linearized dynamics, a nominal trajectory that hits
the target, and the quadratic form of the function given by Eq. (25).

VI. Results

The MLRS-type vehicle for this study has a burnout mass of
14.25 slugs and a reference area of 0.4356 ft2. Boundary conditions
for the nominal trajectory are shown in Table 1. Both the nominal
and controlled trajectories were obtained by numerically integrat-
ing the nonlinear differential equations given by Eq. (3) using a
fixed-step, fourth-order, Runge—Kutta method.!® Apogee altitude is
approximately 27,600 ft and Mach number variations are from 1.09
to 2.33. The nominal trajectory was discretized in the time domain
with 500 time steps. The accuracy of the numerical integration was
checked by comparing the calculated trajectory with one obtained
using 1000 time steps. The maximum distance at any time between
the two calculated trajectories was less than 0.01 ft.

Feedback gains for the control scheme were generated by choos-
ing A/h = 1 x 107°. The states xy,...,xy (N = 209) for the
controlled portion of the trajectory (f; < t < ty) were obtained
using the inputs generated from Eqgs. (31) and (22). The corrected
ballistic trajectory for t > ty was obtained by setting both the lift
and side-force coefficients to zero.

Two different sets of launch offsets were considered: case 1 with
y, ¥ offsets of 0.5 and 1 deg from nominal at burnout and case 2 with

Table 1 Boundary conditions for the
nominal trajectory

Variable Initial value Final value
X, ft 0 92,952
Ve, ft 0 0

7, It 7390 0

V, ft/s 2532 1222

y, deg 35 —57.64
Y, deg 0 0
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controls “zeroed” at apogee
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Fig. 4 Angle of attack o and sideslip 3 time histories for case 1.
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Fig. 5 Angle of attack o and sideslip 3 time histories for case 2.
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Fig. 6 Case 1 trajectory comparisons.

y, ¥ offsets of —0.5 and —0.75 deg. Figures 4 and 5 show the aero-
dynamic control angles for the two cases computed using the same
setof feedback gains. These angles were obtained from the equations
o =C,/CL, and B = Cs/C,, (see Sec. II) using the calculated
values for C;, and Cs. In both cases the angular magnitudes are well
below 1 deg. Figures 6 and 7 show the point mass trajectories for the
two cases. In Fig. 6, the controlled and uncontrolled trajectories, as
well as the nominal, are plotted. Note that even for the small y, ¢
offsets at burnout, the target miss distance, as shown by the un-
controlled trajectory, can be substantial (>1600 ft). The controlled

Table 2 Case 1 downrange and crossrange errors for
modeling errors in Cp,

Cp, error Error (uncontrolled), ft Error (controlled), ft
ep Downrange Crossrange Downrange Crossrange
—0.02 1423 1647 157 0.6
—0.01 897 1638 87 0.4
0 377 1629 —-0.2 0.3
0.01 —136 1620 —105 0.3
0.02 —645 1611 —227 04
3ot nqmlnal e

trajectory T
: controlled

25
trajectory
2
=
L L e L A S~ o EE R
&
5 1.5
N
o
°
e 17
e motor. -
- burnout
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Fig.7 Case 2 trajectory comparisons.
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Fig. 8 Velocity time histories for cases 1 and 2: ——, case 1 and --- -,
case 2.

trajectory for case 2 is plotted on an expanded crossrange scale in
Fig. 7. The miss distances for cases 1 and 2 were approximately
0.4 and 1.2 ft, respectively. Velocity and horizontal heading-angle
time histories for the two cases are shown in Figs. 8§ and 9. Note
that the horizontal heading angle is a constant after apogee in both
cases.

Examples are also provided to show the effects of modeling er-
rors on the performance of the guidance algorithm. The effects of
a parametric modeling error in the drag coefficient are shown in
Table 2. The results were obtained using the same set of feedback
gains and launch offsets that were used for case 1. The only differ-
ence is that the drag coefficient used in the simulations, C}, , was
calculated from the equation

c;)(, =+ eD)CD() (34

where ep is a constant error term. Notice from the table that the
errors for the guided trajectory are primarily in the downrange di-
rection. Although the performance is degraded, it is clear that the
miss distances for the controlled trajectories remain significantly
smaller than those for the uncontrolled ones.
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Table 3 Case 1 downrange and crossrange errors for
unaccounted headwinds

Headwind Error (uncontrolled), ft Error (controlled), ft
speed, mph Downrange Crossrange Downrange Crossrange
-3.0 657 1579 485 42
—15 518 1603 243 23
0 377 1629 —-02 0.3
15 235 1655 —244 —-1.7
3.0 92 1682 —488 -3.7

Table4 Case 1 downrange and crossrange errors for
unaccounted crosswinds

Error (uncontrolled), ft

Crosswinds Error (controlled), ft
speed, mph Downrange Crossrange Downrange Crossrange
-3.0 365 —1605 -85 —1176
—1.5 387 12 -26 —588

0 377 1629 -0.2 03

1.5 336 3245 -15 588

3.0 263 4858 —6.4 1176

Table 5 Case 1 downrange and crossrange errors for
modeling errors and unaccounted winds when guided portion
of trajectory is extended

cp, error  Headwind, Crosswind, Downrange, Crossrange,

ep mph mph ft ft
0 0 0 2.1 -2.3
0.02 0 0 -84 -11
0 3 0 —147 —-83
0 0 3 -28 166
0.02 3 3 —190 125
1 T T T T T v T
0.8 7
0.6 b
case 1

0.4 B

0.2} 4

Heading angle, y (degrees)

~0.21 B
—04} 4
case 2
-08f J
08 1 L ) . " L .
o 10 20 30 40 50 60 70 80

Time from motor burnout (seconds)

Fig.9 Horizontal heading-angle time histories for cases 1 and 2.

The effects of unaccounted headwinds and crosswinds are shown
in Tables 3 and 4. Again, the results were obtained using the same
set of feedback gains and launch offsets that were used for case 1.
The difference is that the aerodynamic model was modified to in-
clude the effects of steady winds. Not surprisingly, headwinds lead
to larger downrange errors whereas crosswinds result in larger cross-
range errors. The guided trajectory results, however, generally re-
main more accurate than the unguided ones. Modifying the guidance
algorithm to account for current wind conditions can be done in a
straightforward manner and would lead to more impressive targeting
results.

In the absence of jamming of aided navigation signals, the dura-
tion of the guided portion of the trajectory can be extended. This is
done simply by increasing the value of N and, thus, z. In the pre-
ceding examples, N was set equal to 209, which corresponded to the
time at apogee. The effects of increasing the value of N to 475 for
X/h =1 x107%is shown in Table 5 for a variety of modeling errors

and unaccounted winds. The performance is improved by extending
the duration of the guided portion of the trajectory.

As was already mentioned, selection of the scalar parameter A
{see Eq. (7)] is an important consideration in the practical imple-
mentation of the proposed guidance scheme. One option is to choose
a relatively large value for A such that the corrected ballistic trajec-
tory impact is very close to the target. Indeed, such an approach
would lead to desirable results in computer simulations. In prac-
tice, however, choosing a large value for A could lead to undesirable
performance of the control system.

In the limit as A — oo, the feedback gains {see Eq. (30)] asymp-
totically approach a finite fixed value. As the time step for discretiza-
tion i becomes very small, the gains for the portion of the trajectory
nearby ¢+ = ty become very large. A similar situation is present
with proportional navigation'! schemes where feedback gains be-
come infinite as the time to go approaches zero. One consequence of
large gains is that disturbances caused by modeling or measurement
errors can lead to undesirably large control inputs near ¢t = ty.

In selecting an appropriate value for X, one must balance the com-
peting goals of targeting accuracy and control system insensitivity
to disturbances. One starting point is to choose A as small as pos-
sible such that the specified targeting requirements are met for the
anticipated range of launch offsets. The value of A could then be
increased depending on the accuracy of the measurement system
and physical model. Although the topic of choosing the value of A
is not addressed in complete detail by this study, it is hoped that
some of the important issues involved have been conveyed.

VII. Conclusions

A method to correct for launch offsets of precision guided mu-
nitions, operating with low-cost satellite navigation updates against
defended targets, was presented. The method provides guidance
commands up to the time of apogee and is unaffected by jamming
of external navigation updates subsequent to this time. A guidance
problem with an unspecified final time was successfully transformed
to a standard form amenable to the method of dynamic program-
ming. The feedback gains computed using the guidance algorithm
were shown to be robust for a range of small angle launch offsets in
the absence of modeling errors. The performance of the guidance
algorithm was degraded by modeling errors, but remained adequate
for the level and type of errors considered. The method requires only
a single pass to compute gains and could be done quickly to meet
the needs of a battle environment.

Appendix: State Transition Matrices

Given the existence and uniqueness of the solution to the ini-
tial value problem given by Eq. (3), adjacent states in time can be
related as

Xe+1 = gk (X, uy) (A1)
The state transition matrices introduced in Eq. (24) are defined as

8gk

AL = (A2)
Oxk
)

By =2 (A3)
r')uk

where the partial derivatives in Egs. (A2) and (A3) are evaluated
at the nominal trajectory. As was already mentioned, a fixed-step,
fourth-order, Runge—Kutta method is used for numerical integration
of Eq. (3). The formula used by this method is

(ky + 2ky + 2k + k4)

8k =X + 6 (A4)
where
ky = hf (xp, ug, t) (A5)
ko = hf(xe + ki /2, up, e + 1/2) (A6)
ks = hf(xp +ka/2, ug, t +h/2) (A7)

ks = hf (xp + ka, ug, i + h) (A8)
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Using the chain rule for differentiation, one obtains

P T (LI P L (A9)
k= 6 {)xk axz (')xk Z)xk

1( dky 3k, ks Ok,
B, = 2— 42—+ — Al0
* 6 ((’)uk + Buk + Duk auk ( )
where [ is the identity matrix and
ok 3 Ak J
A2 hi W _ Of (A11)
E)xk (’)xk r')uk (’)uk

B 0 () IOk M (0r 107 0k
()xk Oxk 2 8xk Huk E)uk

2 axk 8uk

(A12)

1af 8k2>

B L0 Lok bk (0
dxy 0xy 2 Oxp ouy Jur 2 0x; Ouy

(A13)

Ox; duy

PO (L Ok Ok (07 OF Ok
()Xk 8)6[( (')xk 8uk E)uk
(A14)

The partial derivatives df/dx; and df/du; in Egs. (A11-A14) are
evaluated at the same values of the arguments used to calculate
ky, ..., kg, respectively.
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